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Abstract. We investigate stochastic differential equations with jumps and irregular coefficients, 
and obtain the existence and uniqueness of generalized stochastic flows. Moreover, we also 
prove the existence and uniqueness of //-solutions or measure-valued solutions for second order 
jj^ | integro-differential equation of Fokker-Planck type. 
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1. Introduction 

Recently, there are increasing interests to extend the classical DiPerna- Lions theory [7] about 
ordinary differential equations (ODE) with Sobolev coefficients to the case of stochastic dif- 
ferential equations (SDE) (cf. 03 [Bl ECS W\ HS1 13 EOU). In OH, Figalli first extended 
the DiPerna-Lions theory to SDE in the sense of martingale solutions by using analytic tools 
and solving deterministic Fokker-Planck equations. In ffT4ll . Le Bris and Lions studied the al- 
\ most everywhere stochastic flow of SDEs with constant diffusion coefficients, and in lfT31 . they 
also gave an outline for proving the pathwise uniqueness for SDEs with irregular coefficients 
by studying the corresponding Fokker-Planck equations with irregular coefficients. In [ 26 ] and 
(281, we extended DiPerna-Lions' result to the case of SDEs by using Crippa and De Lellis' 
argument (61, and obtained the existence and uniqueness of generalized stochastic flows for 
SDEs with irregular coefficients (see also S for some related works). Later on, Li and Luo 
lfT6l extended Ambrosio's result [1] to the case of SDEs with BV drifts and smooth diffusion 
coefficients by transforming the SDE to an ODE. Moreover, a limit theorem for SDEs with 
discontinuous coefficients approximated by ODEs was also obtained in Il20ll . 

In this paper we are concerned with the following SDEs in [0, 1] x R d with jumps: 

dX t = b t (X t )dt + <r t (X t )dW t + f f t (X t .,y)N(dy,dt), (1.1) 

where b : [0, 1] x R d R d , a : [0, 1] x R d R d x R d and / : [0, 1] x R d x R d R d are 
measurable functions, (W t )te[Q,\] is a J-dimensional Brownian motion and N(dy, dt) is a Poisson 
random measure in R d \ {0} with intensity measure v t (dy)dt, N(dy, dt) := N(dy, dt) - v,(dy)df is 
the compensated Poisson random measure. The aim of the present paper is to extend the results 
in ll26l to the above jump SDEs with Sobolev drift b and Lipschitz <x, /. 

Let us now describe the motivation. Suppose that f t (x, y) = y. Let Jzf be the generator of SDE 
(11.11) (a second order integro-differential operator) given as follows: for <p e C™(R d ), smooth 
function with bounded derivatives of all orders, 

& t ip(x) := l -a i t \x)d i d j ip{x) + bfadnpix) + f [<p(x + y)- <p(x) - y^(x)]n(dv), 



Keywords: DiPerna-Lions theory, Generalized stochastic flows, Poisson point processes, Fokker-Planck 
equations. 
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where a\ ] (x) := zZk cr f( x ) cr t ( X X an d we have used that the repeated indices in a product is 
summed automatically, and this convention will be in forced throughout the present paper. Here, 
we assume that for any p > I, 

•i 

M 2 (l + \y\ 2 ) p v s (dy)d S < +oc. (1.2) 

>R d \{0} 

Let X t be a solution of SDE (11.11) . The law of X t in R d is denoted by Then by Ito's formula 
(cf. lfT2l or [0), one sees that \x t solves the following second order partial integro-differential 
equation (PIDE) of Fokker-Planck type in the distributional sense: 

d t n t = 3f t *Ht, (1.3) 

subject to the initial condition: 

lim u t = Law of Xr> in the sense of weak convergence, (1.4) 

ao 

where Jf* is the adjoint operator of Jzf f formally given by 

SSffi := -didj(d t ] (x)n) - d,-(6j(x)/j) + f [r y n - yu + y l dni\v t (dy), 

1 jR d \IOI 



where for a probability measure fi in R d \ {0} and y e R d , r v // := /i(- - y). More precisely, for 
any <p e C™(R d ), 

d t <4i t ,<p) = {lit,^t<p), (1-5) 

where {ji t , tp) := f d tp(x)fi t (dx). If b and cr are not continuous, in order to make sense for (11.51) . 
one needs to at least assume that 

f f (|^(x)| + |a f (x)|) i u,(dx)d? < +oo. 

J0 JR d 

The following two questions are our main motivations of this paper: 

(1°) Under what less conditions on the coefficients and in what spaces or senses does the 
uniqueness for PIDE (fT3T) - (fL4l) hold? 

(2°) If the initial distribution /i has a density with respect to the Lebesgue measure, does p t 
have a density with respect to the Lebesgue measure for any t e (0, 1]? 

When there is no jump part and the diffusion coefficient is non-degenerate, in [3] the au- 
thors have already given rather weak conditions for the uniqueness of measure- valued solutions 
based upon the Dirichlet form theory. In IfTOl . Figalli also gave some other conditions for the 
uniqueness of L 1 n //"-solutions by proving a maximal principle. In E2l . using a representation 
formula for the solutions of PDE (|1.3I) proved in IfTOl . which is originally proved by Ambrosio 
HI for continuity equation, we gave different conditions for the uniqueness of measure- valued 
solutions and //-solutions to second order degenerated Fokker-Planck equations. However, to 
the best of the author's knowledge, there are few results on the integro-differential equation of 
Fokker-Planck type. The non-local character of the operator Jzf causes some new difficulties to 
analyze by the classical tools. 



For answering the above two questions to equation (11.31) . we shall use a purely probabilistic 
approach. The first step is to extend the almost everywhere stochastic flow in lfT4l l26l l28ll to 
SDE (11.11) so that we can solve the above question (2°). In this extension, we need to carefully 
treat the jump size. Since even in the linear case, if one does not make any restriction on the 
jump, the law of the solution would not be absolutely continuous with respect to the Lebesgue 
measure (cf. [fT8l p.328, Example]). The next step is to prove a representation formula for the 
solution of (11.31) as in IfTUl Theorem 2.6]. This will lead to the uniqueness of PIDE (1 1 .3D by 
proving the pathwise uniqueness of SDE fll.ll ). 
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This paper is organized as follows: In Section 2, we collect some well known facts for later 
use. In Section 3, we study the smooth SDEs with jumps, and prove an a priori estimate about 
the Jacobi determinant of x \-> X t (x). In Section 4, we prove the existence and uniqueness of 
almost everywhere or generalized stochastic flows for SDEs with jumps and rough drifts. In 
Section 5, the application to second order integro-differential equations of Fokker-Planck type 
is presented. 

2. Preliminaries 

Throughout this paper we assume that d > 2. Let M dxd be the set of all d x d-matrices. We 
need the following simple lemma about the differentials of determinant function. 

Lemma 2.1. Let A = B = (bij) e M^xd- Then the first and second order derivatives of the 
determinant function det : M^xd - > K. are given by 

(V det)(A)(BA) := 4 det(A + tBA)\ t=0 = det(A)tr(fi) (2.1) 
at 



and 

rV 2 de.tY4YR4 RA^ • = 

dtds 

Moreover, if\bj;\ < a for all i, j, then 



(V 2 det)(A)(BA, BA) := — det(A + tBA + sBA)\ s=t=0 = det(A) Yjf>u b U ~ ^M- ( 2 - 2 ) 



| det(I + B) - 1 - tr(B)| < d\d 2 a 2 {\ + a) d ~ 2 . (2.3) 

Proof. Notice that 

det(A + tBA) = det(A) det(I + tB) 

and 

det(A + tBA + sBA) = det(A) det(I + (t + s)B). 
Formulas (12.11) and (12.21) are easily derived from the definition 

d 

det(I + tB) := ^ sgn(o-) P](l lM0 + ^V©), (2.4) 

where S d is the set of all permutations of {1, 2, • • • , d] and sgn(cr) is the sign of a. 
As for (Q, let /?(?) := det(I + tB), then /z'(0) = tr(fl) and 

det(I + B) - 1 - tr(fl) = f f //'(^d^d? = f (1 - s)h"(s)ds. 



OJO 



Estimate (12.31) now follows from (12.41) . □ 

The following result is taken from |fT9l Theorem 6]. 

Theorem 2.2. Let M be a locally square integrable martingale such that AM > -1 a. s. Let 
&(M) be the Doleans-Dade exponential defined by 

6(M) t := exp [m, - ^(M c ) t ) x ]~~[ (1 + AM s )e~ AM \ 

If for some T > 0, 



0<s<f 



E[exp{i<M c ) r + <M d ) r }] 



12- - ■■- << "' 
where M c and M d are respectively continuous and purely discontinuous martingale parts ofM, 
then S(M) is a martingale on [0, T], 
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In Sections 3 and 4, we shall deal with the general Poisson point process. Below we introduce 
some necessary spaces and processes. Let (f2, & , P; (J^) f >o) be a complete filtered probability 
space and (U, a measurable space. Let (W(t)) t> o be a J-dimensional standard (j£>)-adapted 
Brownian motion and (p t )t>o an (J^)-adapted Poisson point process with values in U and with 
intensity measure v t (du)dt, a cr-finite measure on [0, 1] x U (cf. [12]). Let N(du, (0, t]) be the 
counting measure of p t , i.e., for any fef , 



N(T,(0,t]) := J] l r(Psl 



Q<s%t 



The compensated Poisson random measure of N is given by 

N(du, (0, t]) := N(du, (0, t]) - f v s (du)ds. 

Jo 

v s (Y)ds < +oo, the random variable N((0,t],T) obeys the 

Poisson distribution with parameter JT v s .(r)d5. 

Below, the letter C with or without subscripts will denote a positive constant whose value is 
not important and may change in different occasions. Moreover, all the derivatives, gradients 
and divergences are taken in the distributional sense. 

The following lemma is a generalization of [Ell Proposition 1.12, p. 476] (cf. [17, Lemma 
A.2]). 

Lemma 2.3. LetL : U — > R be a measurable function satisfying that |L(w)l < C and J^J V L(u) 2 v s (du)ds < 
+oo. Then for any t > 0, 



exp J g L(p,) 2 | = exp jj^|V ( " )2 - l)v,(dM)ds| < +oo. 



We also need the following technical lemma (cf. [28, Lemma 3.4]). 

Lemma 2.4. Let /ube a locally finite measure on M. d and (X„)„ € n be a family of random fields on 
Q x M. d . Suppose that X n converges to X for P <8> ^.-almost all (oj, x), and for some p > 1, there 
is a constant K p > such that for any nonnegative measurable function <p e L^(R d ), 

supE f ^»(X„(x))Mdx) < K p \\cp\\ LP (2.5) 

Then we have: 

(i). For any nonnegative measurable function (p e L p (M, d ), 

E f ^(X(x))^(dx) < K p \\cp\\ L P (2.6) 

Jr<< 

(iij. 7f ^„ converges to <p in L^(R d ), then for any N > 0, 

lim E f \<p n (X n (x)) - ipiXixWidx) = 0. (2.7) 

Let (p be a locally integrable function on R rf . For every R > 0, the local maximal function is 
defined by 

M R (p(x) := sup -J- f (p(x + y)dy=: sup -f ^(x + ^dj, 

0<r<R \t>r\ JB, 0<r<R J B r 

where B r := {x e R d : |jc| < r} and \B r \ denotes the volume of B r . The following result can be 
found in p. 143, Theorem 3] and (6] Appendix A]. 
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Lemma 2.5. (i) (Morrey's inequality) Let <p e Ll )c (R d ) be such that V(p e Lf oc (R d ) for some 
q > d. Then there exist C q4 > and a negligible set A such that for all x, y e A c with \x-y\ < R, 



\(p(x) - (f(y)\ < C q4 -\x-y\ 



(f 



\V<p\«(x + z)dz 



<C^-\x-y\-(M R \V<p\"(x))^. (2.8) 

(ii) Let (p e (JRL d ) be such that Vtp e Lj oc (R d ). Then there exist C d > and a negligible set A 
such that for all x,y e A c with \x-y\ < R, 

\<p{x) - <p(y)\ < C d -\x-y\- (M R \Vcp\(x) + M g \V<p\<y)). (2.9) 

(Hi) Let (f 6 L p loc (R d )for some p > 1. Then for some C diP > and any N,R > 0, 

( f (M R \cp\(x)Ydx) <C d J[ \<p(x)\ p dx) . (2.10) 

3. SDEs WITH JUMPS AND SMOOTH COEFFICIENTS 

In this section, we consider the following SDE with jump: 

X t (x) = x+ f b s (X s (x))ds+ f o- s (X s (x))dW s + f f f s (X s _(x),u)N(du,ds), (3.1) 
Jo Jo Jo Ju 

where the coefficients b : [0, 1] x R d R d , a : [0, 1] x R d R dxd and / : [0, 1] x R d x U R d 
are measurable functions and smooth in the spatial variable x, and satisfy that 

f (\b s (0)\ + \\Vb s \Uds+ f (kr s (0)| 2 + \\Vo- s \\ 2 Jds < +oo. (3.2) 
Jo Jo 



Moreover, we assume that there exist two functions L\, L 2 : U — > R+ with 

< L x (u) < a A L 2 (u), f f \L 2 {u)\ 2 {\ + L 2 (u)) p v s (du)ds < +oo, (3.3) 

Jo Ju 

where a 6 (0, 1) is small and p e (1, oo) is arbitrary, and such that for all (s, x, u) e [0, l]xR rf xU, 

\V x f s (x, u)\ < LM, \fs(0, u)\ < L 2 (u). (3.4) 

Under conditions (I3.2I) - (|3.4I) with small a (saying less than 4j), it is well known that SDE (13.11) 
defines a flow of C°°-diffeomorphisms (cf. 011 [El, El Theorem 1.3]). 
Let 

J t := J t (x) := VX t (x) e M dxd . 
Then J t satisfies the following SDE (cf. [QI1EE1): 

/, = I + f Vi,(X,)7,dj + f V(r. 5 (X,)7,dW ? + f f V/^-,w)/jV(d«,d5). (3.5) 
Jo Jo Jo Ju 

The following lemma will be our starting point in the sequel development. 
Lemma 3.1. The Jacobi determinant deX(J t ) has the following explicit formula: 

det(7 f ) = exp A, • exp [M t - \{M C )] Fl (1 + AM s )e~ AMs =: exp A t ■ 6(M) t , 

0<s<t 

where A t := A ( p + Af ] and M, := M c t + M? are given by (TJZ]), riTTb . riT&l) an J ((J9l) Z?e/ow. 
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Proof. By (13.51 ), Ito's formula and Lemma I2TTI we have 

det(7 f ) = 1 + f divb s (X s ) det(7. v )ds + f divcr s (X s ) det(J s )dW s 
Jo Jo 

+ f [dio-fdjo-f -d J o*d i a?](X,)det(J,)ds 

+ f f [det((I + V/,(Z,_, M ))7 s _)-det(J,_)liV(dM,d5) 
Jo Ju 

+ ff [det((I + V/ s .(X,„, M ))7^)-det(7,._) 
JoJu 

- divf s (X s -, u) det(7 i _)]v s (dM)d5 

=: 1 + f det(7 s _)d(A, + M s ), 
Jo 

where A t := A, + A^ 2) is a continuous increasing process given by 

Af ) = f [div^(X. v ) + i ^[^crf^crf - d/rfd.of ](X,)]<fc (3.6) 

•-'0 ; ; /, 



i,j,k 

and 



Af> = f f [ det(I + V/,(X,_, «)) - 1 - div/,(X,_, «)k(du)dj; (3.7) 
Jo Ju 

and M/ := M, c + Mf is a martingale given by 

M f c := f divcr,.(X,)dW 4 (3.8) 
Jo 

and 

M?:= f f fdeta + V/,(X,_,«))-llJV(d«,dj). (3.9) 
Jo Ju 

By Doleans-Dade's exponential formula (cf. lfT8ll ). we obtain the desired formula. □ 

Below, we shall give an estimate for the p-order moment of the Jacobi determinant. For this 
aim, we introduce the following function of jump size control a: 

p a := (da + d\d 2 a 2 (l + a) d - 2 y l . (3.10) 

Note that 

\\mB a = +oo. 

ffj.0 

Lemma 3.2. Let f3 a be defined by ( 13.701) . where a is from ( 13.31) small enough so that fi a > 1. 
Then for any p e (0,f! a ), we have 

su P e(su P det(J t (x)T p )<clp, f ||[divZ7,]-|Ud5, f \\Vcr s \\tds, f f L^ufv^ds) , 

xeRd \fe[0,l] / \ Jo Jo Jo Ju / 

where for a real number a, a' = min(-a, 0), the constant C is an increasing function with 
respect to its arguments. 
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Proof. First of all, by (13.6b , we have 

-A\ {) < C f (Htdiv^nU + ||Vcr s ||^)dj, 
Jo 

and by (El), (Q and (1341) . 

-Af ] < C f f L 1 ( M ) 2 y,(d«)d5. 
JoJu 

Hence, for any p > 0, we have 

sup exp(-pA f ) < exp(c f (|| [div^]~ |U + ||Vo-,|£)dj + C f f 

fe[0,l] \ Jo JoJu 

Thus, by Lemma I3TT1 it suffices to prove that for any p e (0,/3 a ), 

ff 

Jo Ju 



sup S(M); p )<c\p, f ||div£r,||Lds, I f z.,(»rr v (d»)d.v 

fe[0,l] / \ Jo 



(3.11) 



Noting that 

AM, := M s - M s „ = det(I + Vf s (X s . ,p s ))-l, 
by (Q and (l33i we have 

|AM. S | < |div/,(X,_,p,)| +rf!J 2 L 1 ( M ) 2 (l +L 1 ( W )) J ~ 2 

< dLi(«) + JW 2 L 1 (m) 2 (1 + L l (u)) d - 2 

< da + d\#c?-(\ +a) d ~ 2 =J3~\ 



(3.12) 



Fixing g e (p,/3 a ), we also have 

|A(-^M),.| = $|AAf,| < 1. 
Thus, by Theorem l2.2l one knows that t h-> G(-qM) t is an exponential martingale. Observe that 



S(M) t p = &{-qM) c ; ■ exp 



2 J l^d-qAM^ 



6(-qM)f • expic f ||divcr,||idj) • Ff G(AM,.), 



where 



By Holder's inequality and Doob's inequality, we obtain that for y e (1, -) and y 



* - _L_ 

y-1 ' 



te[0,l] 



sup 6(M); P ]< C E sup G(-qM) t 



re[0,l] 



r 



i / 



E ]~[ G(AM S ) 

V 0<.K1 ; 



< C 



V 0<s<l 
I 



Thanks to the following limit 



c{E&{-qM)}^ ■ E Y\ G(AM S ) 
E Y] G(AM s f 

0<s<l 

log G(r) + 



(3.13) 



lim 

40 r z 



we have for some C = C{q, p,/3 a ) > 0, 

|logG(r)|<C|r| 2 , V|r| </3~ l . 

Therefore, by Lemma [231 

|~[ G(AM S ) 7 ' =Eexp| ^ y* log G(AM S ) I < E exp \ C\AM S 



0<s<l 



10<.K1 



10<s<1 



inn 



;exp | Z CL i^v) 2 | < exp jc jrjTL 1 (K) 2 v,(d«)dyj . (3.14) 

Estimate (13.1 II) now follows by combining (13.131) and (13.141) . □ 

In order to give an estimate for det(VX~ l (x)) in terms of det(J t (x)) = det(VX t (x)), we shall 
use a trick due to Cruzeiro [5] (see also SI^HIED). Below, let 

dx 

p{dx) : = 



We write 



(i + w 

(X t (a>,-))tfi(dx) (X;\co,-))tn(dx) 
Jt(u>,x) := , J t (co,x) := - 



p(dx) p(dx) 
which means that for any nonnegative measurable function tp on W 1 , 



(f(X t (a), x))p(dx) = \ ip(x)J t (b), x)p(dx), 
I (f(X;\to,x))fi(dx) = I (p(x)J~(co,x)fi(dx). 

JtV 1 jR d 



It is easy to see that for almost all co and all (t, x) e [0, 1] x R d , 

J t (co,x) = [j;(co,x; l (aj,x))T l 

and 

CI + \x\ 2 Y l 



(1 + |X,(*)I 2 > 



(3.15) 
(3.16) 

(3.17) 
(3.18) 



We need the following estimate: 
Lemma 3.3. For any p > 1, we have 

a + \x t (x)\ 2 y' 



suplti, sup 



M0 5] (i + W 2 ) p 

! \b s (x)\ 



<C\p 



1 + W 



ds, 

co v70 



|<r,(jc) 



1 + W 



ds, f f L 2 (a) 2 (l +L 2 (w)) 4p ~ 2 v s (dw)ds). 



where the constant C is an increasing function with respect to its arguments. 
Proof. Letting h(x) := (1 + \x\ 2 ) p , by Ito's formula, we have 

h(X t )-h(x)= f (b%h)(X s )ds + f (^dMX s )dW k s + l- f (didjh-crfo-fXX^ds 
Jo Jo 1 Jo 

+ f s (X s ., «)) - - /;(*,_, u)dMX s -))v s (du)ds 



f f (KX S . 
JoJu 

n 

Jo Ju 



+ (h(X s . + «)) - h(X s -))N(du, ds). 



By elementary calculations, one has 

d(l + \x\) 2p < h(x) < C 2 (l + \x\) 2p 

and 

1 + \x\ (1 + |x|) 2 

On the other hand, by Taylor's formula, we have 

\h(x + y)-h(x)\<\y i d i h(x + e l y)\ 

and 

\h(x + y) - h(x) - ydih(x)\ < Wdidjhix + 02)01/2, 
where 61,82 e (0, 1). Thus, for p > 1, we have 

|fc(x + / s (x, i*)) - fc(x)| < \f s (x, u)\ • (1 + |x + m)!) 2 ^ 1 

< (L 2 (w) + L x {u)\x\){\ + L 2 (u) + (1 + Z>j (w))|x|) • p_ 



(3.19) 



133) , . 



< L 2 {u){\ +L 2 {u)) 2p - l h(x) 



and 



\h(x + f s (x, it)) - fc(x) - /;'(x, it)fl/ft(jc)| < L 2 (w) 2 (l + L 2 (u)) 2p ~ 2 h(x). 
Using the above estimates, if we let 



Us) :-- 



Mx)\ 



l + |x| 



, f L 2 (u) 2 (l + L 2 (u)) 4p ~ 2 v s (du), 

Ju 



then, by Burkholder's inequality and Young's inequality, we have 



/ pt \l/2 



supfc(X.) <A(x) + C (A(j) + q(jP(X s )dj + E ^(j)A(Z,rds 

se[0,fl / JO \Jo 

\l/2 



+ 



^ 3 (j)Efc(X,)dj + CE|jr £ 3 <»/z(X s ) 2 dsJ 



< fc(x) + C f (AO) + £ l 2 (s) + ^Cs^E&OQds + -E I sup h(X s ) 

Jo 2 \j e [0,f] 



1. 



which leads to 



Jo 



sup /z(X ? ) ) < fc(x) + C I (^(j) + ^(j) + £ 3 (s))Bh(X s )ds. 

je[0,t] 



Hence, by Gronwall's inequality, we obtain 



sup < Ch(x). 

i£[0,l] 



The proof is complete. 



Combining Lemmas [3.21 and 1331 we obtain that 
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□ 



Theorem 3.4. Let B a be defined by (\3.10\) , where a is from A3.3\) small enough so that B a > 1. 
Then for any p e (0,B a ), 

e(su P f \J t (x)\ p+1 »(dx) ) < C, 

Ve[0,l] jRd I 

where the constant C is inherited from Lemmas \3. 21 and U73\ 
Proof. The estimate follows from 

IJiWr Md*) = L7, (*)l p //(dx) = — — det(7 t (x)) p ju(dx), 

Jr^ jRrf (i + l*rr p 

Holder's inequality and Lemmas [3.21 and 1331 □ 

4. SDEs WITH JUMPS AND ROUGH DRIFTS 

We first introduce the following notion of generalized stochastic flows (cf. Ifl"5ll2~6ll28l0 . 

Definition 4.1. Let X t (co, x) be a R d -valued measurable stochastic field on [0, 1] x Q. x R d . For a 
locally finite measure p on R d , we say X a /i-almost everywhere stochastic flow or generalized 
stochastic flow ofSDE $3J) if 

(A) for some p > 1, there exists a constant K p > such that for any nonnegative measurable 
function <p e L^(R d ), 

supEf <p(X t (x))p(dx) < K p \\<p\\ L K (4.1) 

fe[0,l] JR d 

(B) for p-almost all x e R d , t h» X t (x) is a cddldg and {^ t )-adapted process and solves 
equation rti.il) . 

The main result of this section is: 

Theorem 4.2. Assume that for some q > 1, 

\Vb\eL l ([0,\];Ll c (R d )), [divfc]", |Vcr| 2 , e L l ([0, l];L°°(R d )), 

1 + \x\ 1 + \x\ l 

and for some functions Li : U — > [0, +oo), i = 1,2 satisfying di.il) . and all (s, u) e [0, 1] x U and 

x,y e R d , 

\f s (x, u) - f s (y, u)\ < L 1 (u)\x - y\, \f s (0, u)\ < L 2 (u). (4.2) 

Let p(dx) = (1 + |^| 2 )" rf dx an d let B a be defined by di.iOD . where a is from di.il) small enough 
so that j3 a > — j-. Then there exists a unique p-almost everywhere stochastic flow to SDE di.il) 
with any p > q in d4.il) . 

Remark 4.3. Let b(x) = j^Wo- It is easy to check that di\b(x) = and \Vb\ e L p c (R rf ) 
provided that p e [1, d). 

Let^ 6 C°°(R d ) be a nonnegative cutoff function with 

(h \x\ < 1, 

IWU<l,^) = { a w>2> (4.3) 

Let p e C°°(R J ) be a nonnegative mollifier with support in := {|x| < 1} and ^ rf p(jc)dx = 1. 
Set 

Xn( x ) '-=X( x / n )> Pn(x) ■= n d p(nx) 

and define 

b n s := b s * p n -Xn, o- n s := a s * p„, /"(•, m) = / v (-, u) * p n . (4.4) 
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The following lemma is direct from the definitions and the property of convolutions. 
Lemma 4.4. For some C > independent ofn, we have 



f 

Jo 



f 

Jo 



||[div^riUds < lltdivMlcds + C 



I 

Jo 



Mx)\ 



l \\\b n s (x)\ 



Jo 111 



+ x 



ds<C 



f 

Jo 



Mx)\ 



l + \x\ 



1 + |x| 
ds 



ds 



f 

Jo 



f Worlds < f Wo-sUlds. 

Jo Jo 



1 + \x\ 



ds^C 



I 

Jo 



\o- s (x)\ 



1 + \x\ 



ds 



and 



\V x f:(x,u)\ < LM, \f?(0,u)\ < 2L 2 (u). 
Proof. The first estimate follows from that 

div£"(x) = (divb s ) * p n (x) ■ Xn(x) + b\ * p n (x) ■ d t Xn(x) 

and 



, a t m \(diX){xln)\ Cl„ <w<n+ i 



1 + \x\ 



The other estimates are similar. 



□ 



Let X"(x) be the stochastic flow of C^-diffeomorphisms to SDE (|3.1I) associated with coeffi- 
cients {b\o- n J n ). 

Lemma 4.5. let j3 a be defined by &3.10\) , where a is from l\3.3\) small enough so that fi a > 1. 
Then for any p > 1 + j-, there exists a constant C p > such that for all non-negative function 



sup E( sup \ <pW{x))p{dx)) < C t 

n Ve[0,l] Jw> I 



(4.5) 



Proof. The estimate follows from 



(p(X?(x))p(dx) = f (p(x)J?(x)p(dx) < \\(p\\ L p I | U?(*)|^//(dx) 
Jr^ yJad 

and Theorem 13 .41 and Lemma I4~4l 

Lemma 4.6. For any n,m > 4/5 > 0, we have 

\ Z + f n( X + Z , U )-fr(x,u)\ 2 -\z\ 2 2 

— — < 4(Li(w) + L\{u) ). 

\zr + o 

Proof. Noticing that by the property of convolutions and (|4.2I) . 

\Jf(x + z,u)- f?{x, u)\ < + z, u) - f t n (x, u)\ + \f?(x, u) - f(x, u)\ + \f m (x, u) - f(x, u) 

< Li(u)\z\ + Ly{u)(n~ l + m" 1 ), 

we have 

\z + f?(x + z,u)- f' t n {x, u)\ 2 - \z\ 2 2\z\(\z\ + {n l + m~ l ))L(u) + (\z\ + {n l + m" 1 )) 2 !^**) 2 



□ 



|z| 2 + S 1 



which yields the desired estimate. 



\z\ 2 + S 1 

< 2[1 + cT 1 ^ 1 + m _1 )](Li(«) + L^u) 2 ), 



n 



We now prove the following key estimate. 

Lemma 4.7. For any R > 1, there exist constants C\, C2 > such that for all 8 e (0, 1) and 
n,m > A/5, 

r (\XHx)-X?(x)\ 2 \ 

E sup log ' ' + 1 Ud*) 

JG" R m te[0,l] \ o I 

* Cl + T Jo ( Wl ~ KhHBR) + K " <ll ^>) d5 ' (4 - 6) 

w/zere /i(dx) = (1 + |x| 2 )- d dx and G n R "\oj) := {x 6 R d : sup fe[0J] x)| V \X' t n (to, x)\ < /?}. 

Proo/ Set 

Zf >m (w, x) := X?((0, x) - X';\to, x) 

and 

F? m {co, x, u) := f?(X?_(a>, x), u) - /T(X£(w, x), u). 
If there are no confusions, we shall drop the variable "x" below. Note that 

zr= f (^(Z^)-^(Zf))d S + f -<(X™))dW s + f f F n s ' m (u)N(du, ds). 

Jo Jo Jo Ju 

By Ito's formula, we have 
logl— + 1 =2j d, + 2j ^ FTTJl 



+ Jo izrp+5 2 5 Jo (izri 2 +5 2 ) 2 5 

+ Jo Ju I 8 W^5 2 W^5 2 ) Vs(dmS 

r t+ r \z n s L m + Frm 2 + d 2 ^ 

+ ll log \zr\ 2 + v muAs) 

=: I n { m (t) + I n 2 m (t) + %'"(t) + F> m (t) + F 5 m {t) + F 6 m (t). 
For F{ m {t), we have 

r»l \h n (Y n \ — h n (Y m \\ 2 r { 

sup 1/^(01 < 2 ' s \ y A s -ds + - \b n s (X™) - b£(X?)\ds =: I n n m + I n {™. 

fe[0,l] Jo ^\Z"' m \ 2 + 5 2 0J0 

Noting that 

G^(w) c {x : \X' t \co, x)\ < R} n {jc : |Zf (w, x)| < /?}, V? 6 [0, 1], 

we have 



E f iCWIMdx) < ^E f f |l Bs (^-^)|(Z™(x)Mdx)d^ 
JgT Jo jRrf 



E3c ^ 



< .Jo 



\\b'l-b';:\\ mBK) ds. (4.7) 



Sj 
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For I": m , in view of //(cU) < dx, we have 



; f |/^(x)|^(dx) 9 CE f f (M M |V^|(XJ(x)) + Ma|V^|(Xf (x)))/i(djc)dj 
Jo"'" Jo Jg"'" 



E3J h 

< c 



For/J m (0, set 
then 



j o (JT (M 2 «|V^|(x))V(dx)J ds 

12301 r 1 r 1 

< C ||V^|| w(BH )ds < C ||VM| W(BM) ds. 
Jo Jo 

7*' m (w, x) := inf [t e [0, 1] : |Zf (w, x)| V X' t '\co, x) > r), 



(4.8) 



G" R m (co) = {x:r n R m (oj,x)=l}. 
By Burkholder's inequality and Fubini's theorem, we have 



f 

Jg" j 



sup |/"' m (?, x)|^(dx) 



re [0,1] 



JE sup | 
R J V(s[0,rj m (;c)] Jo 



<ZT(*), K(^(X)) - <(X 4 m (^)))dW s .) 



< c 



14/ 

jR d Ivo 



izrwi 2 +5 2 
*s"w izrwi v;ro*)) - <(xr«)i 2 



/i(dx) 



< C//(R d )' 



; .ff 

Jo Jg" 



(|ZrWI 2 +5 2 ) 2 

K(^(^))-<(^(^))| 2 

izr(jc)i 2 + 5 2 



d.v 



/i(dx) 



/i(dx)d5 



As the treatment of I"' m (t), by Lemma H31 we can prove that 

e J g «ip \r 2 m (t, x)i^(dx) < |c JT nvo-,.|| 2 2 ^ +i) ds + 1 ^ IK - Ol^^ds 



(4.9) 



and similarly, 



E f sup |/^(f,x)KdJc)<C f l|Vo-,.|| 2 >ds + § f IK'-<|| 2 d5. (4.10) 

Jg" r "' k=[0,1] Jo 1 R+1> Jo ^ 

Since If m (t) is negative, we can drop it. For Ic' m (t), by Lemma l4T6l and the elementary inequality 

|log(l+r)-r|<C|r| 2 , r>-\, 



we have 



E f sup \I n 5 "\t,x)\n(dx) <C f f Uiufvsidu^s. 

JgT te [0,1] JoJu 



(4.11) 



For I?' m (t), as in the treatment of I" 2 m (t) and 7"' m (0, we also have 



- f sup \I n 6 m {t, x)|//(dx) < C 

Jg"'" re[o,i] 



IT 

Jo Ju 



Li(u) 2 v s (du)ds 



Combining (1477T)- (|4. 1 2b . we obtain (|4~6l 
We are now in a position to give 



(4.12) 
□ 
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Proof of Theorem FOl Set 

® n ' m (x) := sup \X?(x) - X?(x)\ 

fe[0,l] 

and 

^0"' m (x) 2 



We have 



E f 0' ! ' m (x)/i(dx) = E f 0"' m (jc)/i(djc) + E f 0" m (x)//(djc), 

Jr*' J(G£'") t ' JG" R '" 

where G'^ m is defined as in Lemma 14771 By Lemmas 13 . 3 1 and 14741 the first term is less than 

JR jRd V 



C f (1 + |x| 2 )^" rf dx r 
sup \X' t \xp + sup |X; n (x)p lyu(djc) < — ^ < 



Vi? Ve[0,l] re[0,l] / V./? Vi? 

where C is independent of n, m and 7?, and d > 2. 

For the second term, we make the following decomposition: 

e[ O n ' m (x)Mdx) = E f d> n '"\x)fi(dx) + E f O n ' m (x)Mdx) =: 

Jg£"' JG^'"n{T^'">^} JG^"njT^''"<^) 

For 7"' m , by Holder's inequality, Lemma [331 and (14.61) . we have 



jn,m jn,m 



1 ^ 



For J*™, noticing that if %' m (x) < ?7, then O n m (x) < <S V^^T, we have 

r 2 m <c5V^rr. 

Combining the above calculations, we obtain that 



E jV"(;cMdx) < + ^ + C<5e" /2 + | jT(||fc; - b:\\ mBR) + IK " <H^( J d*)' • 
Taking limits in order: n, m — » oo, 5 — » 0, 77 — » 00 and 7? — > 00 yields that 

lim E I ( sup |X^(x)-Xf(x)||/i(djc) = 0. 

ra,m-<=° J R d\, 6[0 ,l] / 

Thus, there exists an adapted cadlag process X t (x) such that 

lim E I ( sup |Zf(x) -X t (x)\)fi(dx) = 0. 

n^oo J Rd \ fe[01] / 

By Lemma [2741 it is standard to check that X t (x) solves SDE (|3.1I) in the sense of Definition |4T1 
For the uniqueness, let X\(x), i = 1,2 be two almost everywhere stochastic flows of SDE 
(13.11) . As in the proof of Lemma 14771 we have 

r (\xj(x)-xj(x)\ 2 \ 

E sup log tK sl tK + 1 Udx) < C 
Jg r k[o,1] \ ) 

where G R (to) : = |x 6 R d : sup fe[0 t] |X* (o>, x)| V |X f 2 (a», x)\ < i?} and C is independent of 5. Letting 
8 — » and i? — > 00, we obtain that X/Ca*, jc) = X 2 (tt>, x) for all t e [0, 1] and P x /i-almost all 
(to, x). □ 
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5. Probabilistic representation for the solutions of PIDEs 



In this section we work in the canonical space Q = Dl^: the set of all right continuous 
functions with left limits. The generic element in Q is denoted by w. The space Q can be 
endowed with two complete metrics: uniform metric and Skorohod metric. We remark that 
only under Skorohod metric, Q, is separable. For t e [0, 1], let & t := cr{w s : s e [0, t]} and 
set & = &\. Then & coincides with the cr-algebra generated by Skorohod's topology. For a 
Polish space E, by P(E) we denote the space of all Borel probability measures over E. 

Below we consider the more general Levy generator: 



Sft(p(x) := -a i t j (x)d i d j (p(x) + b^d^x) + 



f 

jR rf \{0] 



<p(x + y)- <p(x) - 



1 + |v| 2 



v t (dj), 



where a'/(x) := Y>k crf{x)cr{ k {x) and v satisfies that 

\y\ 2 



tt 

JO JR d 



v t (dy)dt < +oo. 



Jo JV\ioi i + \y\ 2 

We recall the following notion of Stroock and Varadhan's martingale solutions (cf. Il24ll25l0 . 

Definition 5.1. (Martingale Solutions) Let po e t P(R d ). A probability measure P on (Q, 15 
called a martingale solution corresponding to the operator «5f and initial law po ifpo = Po w^ 1 
and for all (p e C™(R d ), 

(p(w t ) - <p(w Q ) - I (5? s <p)(w s )ds 
Jo 

is a P-martingale with respect to (J^ t ), which is equivalent that for all 6 e R d , 
exp 

Jo 

'my) 1 



i(6,w t -w - f b s (w s )ds)-l f a'JiWsWdi 
JO Jo 

-tt 

JoJR d 



v s (dy)ds 

!oJR d \{0\ 

is a P-martingale with respect to (J^ r ). 
For any w e D. and T e S(R d \ {0}), we define 

ri(t,w,Y):= 2] h(w(s) - w(s-)) 



0<.Kf 



and 



fj(t, w, T) := n(t, w,T)- I v s (Y)ds. 

Jo 

The following result is from [24, Corollaries 1.3.1 and 1.3.2]. 

Theorem 5.2. Let P e P (Q.) be a martingale solution corresponding to (=Sf ,po). Given 8 > 0, 
define 



J%w) := w, 



J : 

J\y\<6 



yrj{t, w, dy) 



/ 

J\y\>5 



yi](t, w, dy) 



and 



b%x):=b t (x) + f -M- Vt (dy)- f —L- Vt (dy). (5.1) 

Jiyi«5 1 + \yr J\ y \>s 1 + \yr 
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Moreover, for any 6 e R d and \g(y)\ 2 < ^£ 



Then M(t, w) := yf(vv) - j Q b 5 s (w s )ds is independent of 8 > and continuous and {^ t )-adapted. 

i<0, M(t) - M(0)> + i aftw^dj 
I gOO^C* > w, dy) 

jR rf \IO) 



f i-» exp 



are P-martingales with respect to (JP t ). 

Let us now consider the following integro-differential equation of Fokker-Planck type: 

dtUt = %*Ht, 

where «5f f * is the formal adjoint operator of J£ t given by 



(5.2) 



f 

JR d \{0} 



TyP-H + 



v f (dy). 



l + ]yP 

Here, PIDE (15.21) is understood in the distributional sense, i.e., for any (p e C™(R d ), 

d t (jx t ,(p) = (n t ,J£ t (p). 
If p* t {dx) = u t (x)dx, then (15.21) reads as 

d t u t = ^f*u t . 



(5.3) 



(5.4) 

The following result gives the uniqueness of measure- valued solutions for (|5.2I) in the case of 
smooth coefficients. 

Theorem 5.3. Assume that a and b are smooth and satisfies that for all k e {0} U N, 

sup HV^Iloo + sup IIV^jlL < +oo. 

te[0,l] te[0,l] 

Then for any p e f(R d ), PIDE ((521) admits a unique measure-valued solution p t e < P(R d ). 

Proof. The existence is clear as introduced in the introduction. Let us now prove the uniqueness. 
For < s < t < 1 and x e R d , let X Sit (x) solve the following SDE: 



X s>t (x) = x + 



f b r (X s>r (x))dr + f yfa~ r (X s<r {x))dW r + f yN(dy, (s,t]) + f yN(dy,(s,t]), 

Js Js JB° Jb\ 

where b,{x) is defined by (15.11) with 6=1, y[d~ r denotes the square root of symmetric nonnega- 
tive matrix a r and N(dy, df) is a Poisson random point measure with intensity measure v t (dy)dt, 
fl° := B { \ {0} and B\ = R d \B { . For any ip e C™(R d ), define 

T S M*) ■= E(ip(X s<t (x))). 

Then T Stl <p(x) e C™(R d ) and for all < s < r < t < 1, 

T s , r T r ,ttp(x) = T s , t <p(x). 

It is easy to verify that 

d s T s>t <p + XT s , t <p = 0. 

Let p' r i = 1,2 be two solutions of PIDE (15.21 ) with the same initial values. Then by (15.31 ), we 
have 

d s (ti l s , 7» = <a4 d s T,jp + Sf,T,sp) = 0, i = 1,2. 
Since p} Q = p 2 Q , we have 

</4,7» = (fi 2 s ,T s , t <p), se[0,t]. 
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In particular, 

which implies that fx] = pf for any t 6 [0, 1]. □ 

We now prove the following extension of Figalli's result IfTOl p.l 16, Theorem 2.6], which is 
originally due to Ambrosio d). 

Theorem 5.4. Assume that b and a are bounded and measurable functions. Let p t e t P(R d ) 
be a measure-valued solution of PIDE ( 15.21) with initial value po e P(R d ). Then there exists 
a martingale solution P e Vifl) corresponding to (Jzf,po) such that for all t e [0,1] and 

(p t , ( p) = E p (<p(w t )). (5.5) 



Proof. Let p : 



(0, +<x> ) be a convolution kernel such that \V k p(x)\ < Qp(x) for any k e 



(for instance p(x) = e w 11 /(2n) d/2 ). Let p £ (x) := s d p(x/s), e > 0, and define 



p s t := ^ *p E , bf : = 



* p E 



a t := 



(a f /i f ) * p E 



It is easy to see that for any k e {0} U N, 

yv^fiu < c k \\v%\ 



V*flf|U < Q||V*a f | 



With a little abuse of notation, we are denoting the measure p e t and its density with respect to 
the Lebesgue measure by the same symbol. If we take the convolutions with p e for both sides 
of PIDE (TO) , then 



jR rf \{0| 



TyMt -f*t + 



i + \y\ 2 



Vf(dy), 



subject to /ip = yu * Pe- By Theorem l5.3l the unique solution to this PIDE can be represented by 

p £ t = Law of Xf , 

i.e., for any <p e C™(R d ), 

(rf,<p) = B<p(Xf), (5.6) 
where Xf solves the following SDE with jump 

X° = X £ + f b s s (X s s )ds + f ^ s (X s s )dW s + f yN(dy,(0,t]) + f yN(dy,(0,t]), 
Jo Jo Js° JB\ 

and the law of X s is pi. Here, b E s (x) is defined by (|5.1I) with 5=1 and replacing b by & £ . 
Let P £ be the law of t i-» Xf in £1 Since 

^edwd > R) = p £ (B c R ) — > uniformly in e as i? — » oo, 

by (241 p. 237, Theorem A.l], CP e ) ee (o,i) is tight in f (Q). Let P be any accumulation of (P B )ee(p,i)- 
Without loss of generality, we assume that P E weakly converges to P as s — » 0. By taking weak 
limits for both sides of (15.61) . it is clear that (15.51) holds. 

For completing the proof, it remains to show that P is a martingale solution corresponding 
to (Jzf,//o)- That is, we need to prove that for any < s < t < 1 and bounded continuous and 
^-measurable function O s on Q, <p e C^(R rf ), 



(p(w t ) - (p(w. 



,)- J(3? r <p)(w r ) 



)dr \<5>\w) 



= 0. 
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This will follow by taking weak limits for 



Up(w t ) - <p(w s ) - J (J2»(w,)dr 1 <D*(w) 
The more details can be found in IfTOl p.l 18, Step 3]. 



= 0. 



Definition 5.5. (Weak solution) If there exists a filtered probability space (Q, # ', P; (J^>) fe [o,i]) 
and an (^ t )-adapted Brownian motion W t , an (^ t )-adapted Poisson random measure N(dy, dt) 
with intensity measure v t (dy)dt and an (^ t )-adapted process X t on (Q, & ,P; (#i)j € [o,i]) such 
that for some 8 > and all t e [0, 1], 

X t =X + f b%X s )ds+ f o- s (X s )dW s + f yN(dy,(0,t])+ f yN(dy,(0,t]), (5.7) 
Jo Jo Jb°, Jb c , 

o 

where b 6 s (x) is defined by d5.il ). then we say (Q, & ', P; (^)k=[o,i]) together with (W, N, X) a weak 
solution. By weak uniqueness, we means that any two weak solutions with the same initial law 
have the same law in Q. 

The following result gives the equivalence between weak solutions and martingale solutions. 

Theorem 5.6. The existence of martingale solutions implies the existence of weak solutions. In 
particular, the uniqueness of weak solutions implies the uniqueness of martingale solutions. 

Proof. Let P G P(Q.) be a martingale solution. By Theorem 15 .21 one knows that under P, rj is a 
Poisson random point measure with intensity measure v t (dy)dt and M is a continuous martingale 
with covariation process 

{M\M\= l -Y f (crfcrf)(w s )ds. 
Z k Jo 

Let (&, P; G^f)t6[o,i]) be another filtered probability space supporting a Brownian motion 
W t . Let (Cl, #, P; (#f), e[ o,i]) be the product filtered probability space of (Q, & , P; (^) fe[ o.i]) 
and (Q., & , P; (J^f) ?e [o,i])- Let n : Q. — > Q, be the canonical projection. Define 

M t {<b) := M,(n((b)), a t (cb) := o- t (n(tb) t ) 

and 

N t (G),dy) := T](t, n{(b), dy), X t (uS) := n{(b). 
Then by the proof of [24, p. 108, Theorem 4.5.2], there exists another Brownian motion (W t )te.[QM 
defined on (Q, #, P; («# t )ie[0,i]) sucn tnat 



M t = f d- s dW s , P-a.i 
Jo 



Hence, (Q, =#, P; (^) fS [o,i]) together with (W, N, X) is a weak solution. 

The main result of this section is: 
Theorem 5.7. Assume that for some q > 1, 

|Vfc| G L°°([0, 1]; L^.(^; R")), [divfc]", \b\, \cr\, \Vcr\ G L°°([0, 1] x 
and for any p > \, 

[ f + bl) p v r (dy)d? < +oo. 

Jo Jr c '\{0| 
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r 

Jr 1 ' 



Le? r > ^ = q*. Then for any probability density function (f> with 

<p{x) r {\ + \x\ 2 ) (r - l)d dx < +00, 
there exists a unique solution u t to PIDE ( 15.41) in the class of 
Jt q , := \u t e L q \R d ) : u t (x) > 0, f u t (x)dx = 1, sup \ u t (xf(l + \x\ 2 ) {q *~ l)d dx < +00I . 

I Jr<* re [0,1] jRd ) 

Moreover, if q> d, then the uniqueness holds in the measure-valued space t P(M d ). 

Proof. (Existence) Set fi(dx) := dx/(l + \x\ 2 ) d and let X,{x) be the /i-almost everywhere stochas- 
tic flow of the following SDE 

X t (x) = x+ f b s (X s (x))ds + f o- s (X s (x))dW s + f yN(dy,(0J]), 

Jo Jo JR rf \{0| 



where N(dy, (0, t]) is a Poisson random measure with intensity v t (dy)dt and 

f vlvl 2 
b s (x):=b s (x) + 7-77-1 v. v (dy). 

Jr^\{0) 1 + \y\ 

Since in this case, L\ = in Theorem I4.2L the p in (14.11) can be arbitrarily close to 1. Let X be 
an -measurable random variable with law (p{x)dx. Define 

Y, := X t (X ). 

It is easy to check that Y, solves the following SDE: 

Y t = X + f b s (Y s )ds+ f o- s (Y s )dW s + f yN(dy,(0,m. (5.8) 

Jo Jo Jr'\{0) 

Now for any cp e C~(R d ), by Holder's inequality, we have 

E(p(Y t ) = E(Etp(X t (x))\x = X ) = f E(p(X t (x))(P(x)dx 

1-- - 

(jT \E<p(X t (x))\^n(dx)\ ' ( jf (<f>(x)(l + \x\ 2 ) d ) r fi(dx)\ 

= ( i J \(p(X t (x))\^fi(dx)\ ' ( JT <f>(x) r (l + \x\ 2 ) (r - 1)d dx\ 9 CflMljj, 
which then implies that Y t has an absolutely continuous probability density u t e jjt q . with 



f 

Jr<' 



« t (xty(x)dx = E^(y f ) < cjmu -i + - = 1. 



By Ito's formula, it is immediate that u t solves PIDE (|5.4I) in the distributional sense. 

(Uniqueness) Let u\ e be any two solutions of PIDE (15.41) with the same initial value 
uq = <f>. Let P 1 6 'P(Q) be two martingale solutions corresponding to fi l t (dx) = u\{x)dx by 
Theorem[531 Since for any <p e C"(R d ), 



f 



i4(x)^(x)djc = E^^Wf), / = 1,2, 



we only need to prove that P 1 = P 2 . By Theorem 15 .61 and ||2~31 p. 104, Theorem 137], it suffices 
to prove the pathwise uniqueness of SDE (I5.8I ). Let Y\, i = 1, 2 be two solutions of SDE (15.81) 
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defined on the same filtered probability space supporting a Brownian motion W and a Poisson 

ICO 





random measure N with intensity measure v t (dy)dt, where for any <p e CT (R d ), 



f 



u l t (x)(p(x)dx = B<p(Y' t ), i = 1,2. 

Since e by suitable approximation, we have for any (p e L p (R d ), 

sup E^(y?') < CIMU, i = l,2. (5.9) 

re[0,l] 

Set 

Z t := Y] - Yf, r R := mf{t e [0, 1] : |F/| V |7 f 2 | > /?}. 
Basing on (15.91) . as in the proof of Lemma 14771 we have for any 8 > 0, 

■fAT* /y I, /vh _ i. /y2\\ /-VAr R |i_ /vh _ _ /-y2\||2 



< CE (M2*|VM(y, 1 ) + M 2 *|VM(y2))ds+ IIV^H^ (5.10) 
Jo Jo 

<C f IIU-M2KIVMIU1S+ r HVcr,.|| 2 M d5 
Jo Jo 



<C \\M 2R \Vb s \\\mB R) ds+ \\Vcr s \\id S 



I2"7i0l r 1 

< C l|VM| W(B3s) dj+ | ||Vo- s ||^dj, 



)d*+ r 

Jo 



where C is independent of 6. Letting first 6 — » and then 7? — » oo, we obtain that Z, = a.s., 
i.e., Y} = Yf a.s. 

In the case ofq>d, let y/ be the solution constructed in the proof of existence and Yf another 
solution of SDE (15.81) corresponding to any measure- valued solution /i f with /io(dx) = <p(x)dx. 
In the above proof of (|5.10l) . instead of using (12.91 ). we use Morrey's inequality (|2.8I) to deduce 
that Yj = Yf. " □ 
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